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ABSTRACT. This paper discusses the phase shift effect occurring between two 
and more load channels of multiaxially loaded specimens. The discussion 
concludes that there is an extreme shortage of good experimental data that 
would prove the existence and the trend of the phase shift effect in the high-
cycle fatigue region. It is no wonder that there are so many fatigue strength 
estimation criteria that use quite different computational concepts, because 
the response to the phase shift effect in the experimental base is often hidden 
in a conglomeration of other interacting effects. The paper presents results of 
a sensitivity study that compares the fatigue strength estimation results for 
various such criteria for the same stress amplitudes, but for different phase 
shifts between the push-pull and torsion load channels. These results show 
that, with the exception of criteria that assume a zero phase shift effect, the 
phase shift affects the results of each studied fatigue strength estimation 
criterion in a different way. A proposal for an experimental setup that would 
show the real trend unambiguously, and that would enable researchers to 
check the multiaxial fatigue strength criteria is provided in the paper. 
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INTRODUCTION  
 
hat basic conditions must be met before any multiaxial fatigue strength criterion can be classified as good 
enough? The use of multiaxial criteria is a response to any loading that causes stress/strain tensors to have more 
than one dominant component. If the loading is proportional, various effective stress/strain values can be chosen 
to express the overall load effect (see e.g. Tab. 8 in [1]). Non-proportional loading is a more demanding load case. It can be 
caused by several load channels acting simultaneously, but not in the same phase, not in the same mutual proportion or not 
with the same load wave shape. The FKM-Guideline [2] defines a separate load class of synchronous loading, where only 
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stress amplitudes are proportional. Non-proportional loading can be characterized above all by the fact that the stress (strain) 
tensor components at any moment are not simple multiples of the tensor at another moment. This condition causes the 
principal stress directions to rotate during time. For in-phase loading, there are various equivalent values that can be used. 
However, the question arises: What is the appropriate equivalent stress for non-proportional loading? 
Before dealing with this question, it is necessary to specify the research domain focused on in this paper. The area under 
investigation is the high-cycle fatigue region, where the effect of plasticity is almost negligible in the macroscopic scale. In 
order to avoid the potential effect of non-homogeneous stress distribution over the critical cross-section, and to skip the 
potential need to involve its effect in the analysis, only experiments related to unnotched specimens will be studied here. 
The target of the paper is not just to show the phase shift effect within various experimental data sets, but above all to 
investigate how well various multiaxial fatigue strength criteria respond to the phase shift effect, and whether they follow 
the observable and sufficiently proven experimental trends.  
One subgroup of non-proportional load cases is the class of out-of-phase loadings. Here, a phase shift can be found between 
individual load channels that have the same period (and usually correspond to harmonic loading). Many experiments on this 
topic have been reported in the high-cycle fatigue domain, and they will be discussed later on. One of the most explicit 
summaries of the findings of previous researchers, in stress-based and also strain-based fatigue life prediction was provided 
by Sonsino [3], and [4]. His conclusions are that the switch from in-phase loading to out-of-phase loading while keeping the 
same stress amplitudes on individual load channels causes: 
 An increase in the fatigue life in the case of load-controlled loading 
 A decrease in the fatigue life in the case of deformation-controlled fatigue tests of unnotched specimens, or in the 
case of load-controlled loading of notched specimens. This behavior of notched components is attributed to the 
deformation-controlled loading of the volume around the notch, where the yield stress can be exceeded. Sonsino 
states that the life reduction is caused by the induced multiaxial hardening. He admits  that there are materials that 
show a decreased fatigue life in this situation, though no multiaxial hardening can be observed, and that some other 
mechanism may cause this behavior. 
To prove this, Sonsino [4] refers to multiple papers and research works. If only the load-controlled fatigue experiments 
referred to by him in [4] are summarized, it can be found that: 
 The data related to the unpublished report by Löwisch and Bomas [5] seem to provide clear proof of the stated 
behavior. 
 Experiments performed by Hug [6] on three different materials, two of which are cited here, also conform to the 
stated behavior under load control. The behavior is assessed in the region between 1000 and 10000 cycles, in the 
domain classically referred to as the low-cycle fatigue region. Even the lowest stress levels applied within those tests 
exceed the yield stress of the virgin material. It is therefore very questionable, whether the reported output confirms 
Sonsino’s conclusions on load-controlled experiments, or whether it undermines his statements concerning the 
deformation-controlled tests. 
 When reporting on Simbürger’s experiments  in [7], Sonsino refers to the experiments performed in bending and 
torsion loading of notched specimens, where the observed decrease in the fatigue life confirms his conclusion 
concerning the behavior of notched components. However, Sonsino did not draw attention to the experiments on 
hollow specimens loaded by push-pull and torsion, which are described in the same PhD thesis [7]. These 
experimental results are reprinted here in Fig. 3, and they show behavior that contradicts Sonsino’s summary. 
Other comparative analyses of various computational criteria in the HCF domain can be found, see e.g. [1], [7]-[12]. The 
difference in the response to in-phase loading and to out-of-phase loading is not usually treated separately from other load 
cases, and in many cases there is only an analysis of the overall prediction errors of all experiments together. The only 
exception that the authors are aware of is provided by the papers by Papuga [1] and Papuga and Halama [13], where groups 
of tests conforming to in-phase (IP) and out-of-phase (OP) loading without other partial effects are consistently separated 
and analyzed. 
In order to be able to characterize the typical response to the loading case that is being evaluated, the benchmark test set 
should contain enough data items reflecting the tested property, so that the typical scatter of fatigue results will not affect 
the overall output too much. The quality of the benchmark data set of experiments, i.e. a sufficiently proven fatigue 
characteristic (the whole S-N curve, the fatigue limit, etc.), is a basic requirement for any such analysis. The widely-used 
benchmark test sets for analyzing the quality of new fatigue strength estimation criteria have some deficiencies. The most 
widely cited test set, investigated by Nishihara and Kawamoto [14], provides a suitable example. Papuga [15] gives reasons 
why this test set should be disregarded altogether. The main reason is a general lack of experimental data that enable the 
fatigue strength (the fatigue limit) to be set with acceptable accuracy – the maximum number of data points used in [14] to 
define the fatigue limit is 5, and this number of data points is reached just once in the whole testing campaign on three 
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different materials. Another weak point of typical benchmark test sets is that they are often evaluated overall, and not in 
parts (e.g. in-phase (IP) and out-of-phase (OP) loadings separately). The most widely cited benchmark test set, composed 
by Papadopoulos et al. [7], therefore comprises 44 data items, which mix together different axial load modes, specimen 
types, the multiaxiality effect, the mean stress effect, etc. in a single test set. A study of testing hypotheses carried out by 
Ioannidis [16] concludes that the greater the number of effects that interact in the evaluation, the more dubious the 
conclusion based on the benchmarking output will be.  
Papadopoulos et al. [7] evaluated the Papadopoulos criterion, together with other multiaxial fatigue strength criteria. They 
found that the intrinsic independence of the Papadopoulos method from the phase shift effect was a more correct approach 
than other methods, results of which were dependent on the phase shift. For the Papadopoulos criterion, if the stress 
magnitudes on both load channels are the same for in-phase and out-of-phase load cases, the fatigue life/strength will be 
the same. The correctness of Papadopoulos’ assumption was verified on data sets retrieved from studies by: 
 Nishihara and Kawamoto [14], where the experimental results contradict the zero phase shift effect. The non-zero 
phase shift effect could be traced, if the data could be rated as credible, which they are not [15] as also noted above. 
 Lempp [17], where a pronounced non-zero phase shift effect can be traced. The problem when using this data set 
in any benchmark test is that the fatigue curve in pure torsion, which forms the basic load condition for evaluating 
any multiaxial fatigue strength criterion, is not credible. Fig. 1 shows the positions of individual data points, which 
result in a very high standard deviation of the logarithms of cycles sogN=0.46 when a regression analysis is performed 
to provide the Basquin S-N curve. With such poorly substantiated input data, the test set clearly cannot be used 
with confidence for quantifying the phase shift effect. It is useful only for comparative purposes between different 
load cases (see Fig. 1, where multiaxial load cases are also shown). 
 Heidenreich [18] and Froustey and Lasserre [19]. Both data sets are well substantiated. They show a close to zero 
phase shift effect.  
A very interesting study on the phase shift effect was published by Pejkowski [20]. He compares the equivalent stress 
amplitudes under different load modes covering different phase shifts. For high-cycle fatigue, he compares equivalent stress 
amplitudes at the fatigue limit condition computed from the equivalent stress history defined based on the axial amplitude 
a and shear amplitude a as: 
 
   2 2max sin 3 sineq a at t t                                (1) 
 
Parameter  corresponds to the phase shift between the two load channels. For an evaluation of fatigue limits, Pejkowski 
compares data by: 
 Nishihara and Kawamoto [14] on hard and mild steels, doubts concerning the validity of which have already been 
mentioned above. No real quantification of the non-proportionality effect based on these data items can be 
accepted under these circumstances. 
 Rotvel [21], whose experiments concerned pressurizing and axially loading thin-walled tubes. No torsion loading is 
involved, so the way in which Eq. (1) was used is unclear. The given load combination therefore includes radial, 
tangential and axial stresses with a different distribution across the wall thickness. This stress state setup does not 
resemble the axial-torsion setup that is commonly used. The specimens were pressurized from zero to maximum, 
so the loading must inevitably also involve the mean stress effect. 
 Heidenreich et al [18] (ascribed by Pejkowski to Lempp). These data items are the same as those reported by 
Papadopoulos et al [7]. They show close to zero effect of the phase shift. The comparison with the equivalent stress 
amplitude in Eq. (1) used by Pejkowski shows a tremendous phase shift effect – its value for the ratio of the shear 
to normal stress amplitude 0.5 leads to the equivalent stress being approx. 315 MPa for out-of-phase loading and 
415 MPa for in-phase loading. The selection of the criteria Eq. (1) for describing the phase shift effect therefore 
apparently influences the evaluation of the phase shift effect. 
 Lempp [17] on 42CrMo4V reported by Papadopoulos et al [7], the experimental data points of which are summed 
in Fig. 1. Here, too, it seems that the evaluation of the phase-shift effect can only be qualitative and cannot be 
quantitative. 
Pejkowski then continues to other data sets, where he no longer evaluates fatigue limits. He evaluates fatigue lives, which 
are predicted using the same equivalent stress from Eq. (1) with the common Basquin formulation of the S-N curve. 
There is an interesting disproportion in evaluating the phase shift effect as discussed, by Papadopoulos et al. [7] and by 
Pejkowski [20], on the same data items from Heidenreich et al [18]. Papadopoulos et al. do not believe that the phase shift 
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has any impact on the fatigue life, which is manifested in their criterion by comparable stress amplitudes on appropriate 
load channels for in-phase and out-of-phase loadings. Their assumption is contradicted by a substantial part of the 
experimental data that they use as a proof. If the data presented by Nishihara and Kawamoto, and by Lempp, show the 
intrinsic phase shift effect, it projects itself in the values of the error indexes for this criterion. However, a careful check of 
the results for the whole data set casts doubts on usefulness of these two data sets for quantitatively showing the effect of 
the phase shift. 
 
  
  
 
Figure 1: Examples of Lempp’s [17] experimental data. 
 
Similar data sets when processed in the equivalent stress amplitude by Pejkowski [20] lead him to the conclusion that out-
of-phase loading causes a significant reduction in the fatigue limit. This conclusion is driven by the use of the equivalent 
stress that Pejkowski proposes. 
Other equivalent stresses can be proposed to evaluate the phase shift effect. Technically, any multiaxial high-cycle fatigue 
strength estimation criterion is designed to compute this equivalent stress, which is then compared with the uniaxial fatigue 
strength for the same lifetime. The correct solution can only be found by evaluating experimental data on various load 
combinations, including in-phase and out-of-phase data. To avoid any other potential effects that could affect the 
quantification, only load cases with the same stress ratio (the ratio of the normal stress amplitude to the shear stress 
amplitude) should be compared. The admissible stress amplitudes for each load case then clearly show whether the fatigue 
strength rises or falls when a comparison is made between in-phase and out-of-phase load combinations. 
This paper addresses the question of the existence of the phase shift effect. The authors have made every effort to build a 
credible database of multiaxial experiments by collecting data from the available literature and by performing their own 
experiments. This database was to be used to verify the prediction quality of selected criteria in conditions of multiaxial 
fatigue with the phase shift effect. To demonstrate only this effect, without mixing it with other effects, the experimental 
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procedures and the test specimens must strictly meet a variety of requirements that are introduced and thoroughly discussed 
in this paper – see the Establishing Data Set section. Detailed consideration of the collected data showed that very few of 
the experiments can be used to demonstrate that the selected criteria are good for predicting fatigue under non-proportional 
loading. The subsequent section, Analyzed Calculation Methods, summarizes typical representatives of various types of 
high-cycle fatigue criteria. The section on Fatigue Strength Prediction Results shows the prediction output of the evaluated 
criteria. The results are critically evaluated. Although some criteria seem to provide a better response than other criteria, the 
outcome is not convincing. In the Sensitivity Study section, therefore, there is a summary of the results of numerical 
experiments that have been conducted with selected criteria, in order to demonstrate the dependency of the predicted fatigue 
indexes on the phase shift. The Discussion section provides an evaluation of the output. These analyses have led to the idea 
of compiling a set of conditions and assumptions for an ideal experimental campaign aimed at providing sufficient evidence 
for an assessment purely of the impact of the phase shift on fatigue damaging.  
 
 
ESTABLISHING THE DATA SET 
 
f only the use of the right equivalent stress hidden in the multiaxial criterion can provide a decisive answer for individual 
materials and load cases, the data set should be well-established to allow the researcher to quantify the differences 
between observed and modelled trends. Most of the conditions that the fatigue research team at the CTU in Prague 
applies for building the data sets for multiaxial fatigue strength analyses are described in [22], and only a brief resume is 
given here: 
 The basic load conditions, for which the fatigue strengths must be defined experimentally, should cover pure fully-
reversed axial loading and pure fully-reversed torsion. 
 All specimens should be prepared from the same semi-product. 
 All specimens used in the experimental data set should have: 
o comparable geometrical characteristics – hollow specimens and bar specimens should not be mixed 
together; 
o the same thermo-mechanical treatment; 
o the same final roughness; 
o no substantial documented anisotropy; 
o no substantial notches to prevent the notch effect interaction; 
o the same criterion for terminating the test. 
 Tensile and bending load cases should not be mixed together. 
 If possible, raw experimental data are the optimum source, but information about the loading can be retrieved from 
graphs, if necessary. 
 Depending on the type of testing campaign, the fatigue strengths are obtained either from the staircase method or 
from the section cut at a given number of cycles through the S-N curve obtained from a regression analysis of the 
experimental points. An adequate count of data points is needed for both approaches. 
For the study presented here, further rules must be applied to filter out any other undesired effect. These rules will be 
discussed below. 
 
The basic test set 
In order to focus only the phase shift effect, further restrictions are appropriate: 
 Experiments with non-zero mean stresses must be removed. 
 Only combined axial and torsion loadings are admitted. Inner pressurizing of tube specimens intrinsically causes 
non-zero mean stresses. There are several cases where outer pressure is also applied [25], [26], but the pressure is 
not alternating. There is at least one case of another potentially interesting load combination using cruciform 
specimens [27], but the numbers of specimens used for each fatigue curve are not big enough. 
 Cases, where the same stress ratio between the stresses caused by two load channels is applied to the in-phase 
combination and also to the out-of-phase combination will be used as the optimum input, but other setups are also 
possible (e.g. the FF test data [25]). 
A minimum of four experimentally obtained fatigue strengths is therefore needed to define one studied unit: (1) alternate 
push-pull; (2) alternate torsion; (3) an in-phase alternating push-pull and alternating torsion combination with a given stress 
ratio; (4) an out-of-phase combination of alternating push-pull and alternating torsion loading with the same stress ratio. 
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The stress gradient at plane bending 
Much experimental data in multiaxial fatigue has been generated with the axial stress resulting from plane bending. Machines 
capable of such a load combination induced mechanically were frequently used in early research on multiaxial fatigue, above 
all because of their simplicity [28] - [31]. The same good reason explains why they are still used now [11], [32]. Plane bending 
includes the stress gradient effect, which is not present in push-pull. More specifically, when compared to the state of 
homogeneous stress across the cross-section, the stress gradient results in lower stress intensity factor values and the crack 
growth is slower in this case.  Only the outer layers of the material are more loaded up to the limit condition, and the crack 
is initiated there. Because the stress level deeper in the cross-section is smaller, the crack growth rate is substantially different 
from the push-pull condition. 
The stress gradient effect is also intrinsic to torsion loading. As was noted above, there is only limited experience of high-
cycle fatigue loading using cruciform specimens loaded biaxially, which can generate pure shear stress states almost 
unaffected by the stress gradient. Torsion loading must therefore be accepted as an unpleasant but unavoidable variant. In 
the case of axial loads, there is still a chance to reduce the complexity of the simulated damaging effects by admitting only 
load cases where the axial load is induced by push-pull. A logical requirement could be to ensure concentricity of the system 
comprising machine grips and the specimen, in order to induce a constant stress distribution across the cross-section 
unaffected by any additional parasitic bending. Unfortunately, most data sources do not refer to any check of this kind being 
performed during the testing campaign. 
 
Fatigue damaging stages 
Another unspoken reason for avoiding stress gradients in the experiments is that an analysis of the real conditions in the 
specimens could show that the ratio between the crack initiation phase and the crack growth phase might differ for different 
load conditions. The idealized image is that the crack initiation phase is prevalent in high-cycle fatigue, and a partial 
confirmation could be found e.g. in [33]. Let us consider the experiments by Klubberg et al. [34]. Their study on GJL-250 
cast iron shows two conditions. For bar specimens 12 mm in diameter, the fatigue limits are 130.0 MPa in fully reversed 
torsion and 114.1 MPa in push-pull. If hollow specimens 33mm in outer diameter and 28 mm in inner diameter are used, 
the fatigue limits decrease to 77.5 MPa in fully reversed torsion and to 76.5 MPa in push-pull. 
The fatigue strength ratio between the fatigue limit in push-pull and the fatigue limit in torsion for bar specimens is 0.84. 
This value is quite unusual, and it is in contradiction with any equivalent stress theory (see also the reasoning in [13]). If 
hollow specimens are used, the fatigue strength ratio ends up as 0.99. Given the intrinsic scatter for cast iron, this can be 
interpreted as a value close to 1.0, which conforms very well with the static strength hypothesis of the maximum principal 
stress, which is relevant for brittle materials. This geometrical configuration therefore correlates better with the expected 
physical configuration.  
The perimeter of the bar specimens is about 2.5 times shorter than the perimeter of the hollow specimens, which can partly 
explain the higher fatigue strength values achieved in torsion caused by the size effect. The length of the perimeter is related 
to the probability of finding the critical inclusion to initiate the crack – the longer it is, the greater is the probability, so the 
fatigue strength should be reduced. Similarly, the cross-section of the bar specimens is about twice smaller than the cross-
section of the hollow specimens. This can partly explain the lower fatigue strength in axial loading of the hollow specimen. 
The observed change in the fatigue strength ratio can be ascribed to the differences in proportion between the phase of 
fatigue crack initiation and the phase of fatigue crack growth. The crack surface can show traces of so-called factory-roof 
topology (see e.g. [35]). This kind of crack morphology can slow down the fatigue crack growth phase, and this may be the 
reason for the unexpected results for the bar specimens, as was noted above. Another reason can be discussed on the basis 
of Fig. 2, which sketches the SAE 1045 response to axial and torsion loadings reported in full by Socie [33]. The two load 
cases differ in the mutual proportion of the crack initiation phase and the crack growth phase within the total life. A similar 
kind of difference is therefore likely to be found in any combination of these cases. If the crack growth phase observed in 
high-cycle fatigue could be found to be negligible for the case of a tensile load, the converse is true for the case of torsion. 
It is surely unlikely that the crack growth phase could be driven by the same failure mechanisms as the crack initiation phase. 
It is therefore not reasonable to assess the crack growth phase within the total lifetime evaluated by the crack initiation 
criterion. 
In the case of hollow thin-walled specimens, any initiated crack grows quickly. The specimen is broken soon after crack 
initiation. Even the shear stresses on the outer and inner surface of the tube are closer, and the support effect of the core 
of the bar is missing here. In summary, only experiments performed on hollow specimens should be admitted to the data 
set describing solely the phase shift effect. 
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Figure 2: This sketch based on Socie’s findings reported in [33] shows the differences in crack initiation and growth phases for tension 
and torsion load modes. 
 
The final test data 
Paper [36] reports on a complete set of 15 IP/OP pairs before additional requirements were applied (removal of bar 
specimens, and removal of bending loading). If the target set is isolated according to the criteria described above, only 5 
pairs will remain, see Tab. 1, for which a summary of the test setup and the material properties are given in Tab. 2. The 
quality of the experimental data can also be judged from Figs. 3-5, which show how many data points were used to derive 
the S-N curves, and how they are scattered. The Basquin two-parametric formula was used only for the two-load level S-N 
curve setup of Simbürger’s experiments [7], because alternative Kohout-Věchet function [37] does not provide a good 
regression for fatigue tests just on 2 load levels. 
 
Material N Test case ID a,N [MPa] a,N [MPa] a,Na,N  [deg] MMP,OP/MMP,IP
Ck45 [7] 100000 SiB011 326.8 187.9 1.74 0 
0.94   SiB013 308.2 177.2 1.74 90 
ČSN 41 1523 [25] 500000 FF001 99.4 153.4 0.65 0 
1.04   FF003 99.4 158.9 0.63 90 
  FF002 194.4 108.2 1.80 0 
1.15   FF004 194.0 143.6 1.35 90 
2124-T851 [38] 200000 FAD007 98.7 98.3 1.00 0 
0.96   FAD009 89.7 89.6 1.00 90 
  FAD008 154.8 51.6 3.00 0 
0.97   FAD010 143.6 48.0 2.99 90 
 
Table 1: Data from in-phase and out-of-phase experiments gathered in the final test set. 
 
 
Set ID Material Su [MPa] N [-] p-1,N [MPa] t-1,N [MPa] N [-] D [mm] d [mm] d/D [-] 
SiB Ck45 850.0 100000 419.6 286.2 1.47 35 32 0.91
FF ČSN 41 1523 560.0 500000 250.8 170.6 1.47 11 8 0.73
FAD 2124-T851 477.1 200000 177.2 120.1 1.48 18 16 0.89
 
Table 2: Material parameters related to the experiments in Tab. 1. Nomenclature: Su – tensile strength, p-1,N – fatigue strength at N cycles 
in fully-reversed push-pull loading, t-1,N – fatigue strength at N cycles in fully-reversed torsion, N=p-1,N/t-1,N – fatigue strength ratio at 
N cycles, D – major diameter of the specimen in the critical section, d – minor diameter of the specimen in the critical cross-section. 
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Figure 3: Simbürger’s [7] experimental data following the two-level testing strategy, and the final regression lines. 
 
  
Figure 4: FF [25] experimental data representing the pearl string testing strategy, and the final regression lines. Note that the shear stress 
amplitude is depicted as the stress parameter. 
 
  
Figure 5: Another representative of pearl string strategy testing in FAD [38] experimental data. 
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Experiments in the FF data set do not keep to the traditional approach, in which the stress ratio is kept constant at different 
stress amplitude levels. A constant stress is maintained in the tensile load channel, and there is a variable shear torsion. The 
stress ratio is therefore not the same for in-phase loading and for out-of-phase loading. In order to be able to analyze the 
phase shift effect quickly, the equivalent stress based on the MMP criterion [25] is used. For the case without any mean 
stresses, it can be simplified to: 
 
2 2 2
MMP a a                           (2) 
 
ANALYZED CALCULATION METHODS 
There is a wide range of multiaxial fatigue strength estimation methods. An extensive survey of their prediction capability 
was published by Papuga [1]. There are not only differences in the formulas, but the approach to the analysis can also vary. 
Representatives of different approaches have therefore been selected here for testing. In [1], Papuga highlighted that many 
multiaxial methods suffer from poor implementation of the mean stress effect. The methods selected here will therefore be 
derived mainly on basis of their performance from Tab. 8 in [1], which presents data without the mean stress effect. The 
differences between the methods, and their basic formulas, are described below. The reader can find a more detailed 
description e.g. in [1]. 
 
Critical plane with maximum damage 
This group of methods analyses the damage parameter on every possible orientation of a plane. The plane on which the 
maximum damage parameter value is found is claimed to be the critical plane. 
The method with the best performance in [1] is the Papuga PCR method. Its newer update, published in [13], differs only 
in the implementation of the mean stress effect. The methods are identical if no mean stress is involved, and the methods 
can be reduced to the formula: 
 
2
1PC a PC aa C b N p                        (3) 
 
where Ca corresponds to shear stress amplitude, and Na corresponds to the normal stress amplitude, on the evaluated plane. 
The second method with the best performance is the QCP method. It can be reduced to: 
 
2 2
1QCP a QCP aa C b N p                       (4) 
 
 
Critical plane with the maximum shear stress range 
This type of solution determines the critical plane on basis of the maximum shear stress range (MSSR) found on it. The 
concept thus denies any additional impact of other stress components (typically the normal stress) on the orientation of the 
critical plane. The most prominent method here is the Susmel method [39] (the title is shortened to SUS in Tab. 3): 
 
1
a
Su a Su
a
Na C b p
C 
                        (5) 
 
and the Matake method [40] (which is similar to the McDiarmid method [41], but coefficients a and b would differ), denoted 
as MAT in Tab. 3: 
 
1Mat a Mat aa C b N p                        (6) 
 
 
Dang Van method 
The Dang Van solution is the leading multiaxial fatigue strength calculation method in commercial applications today. The 
method is in fact a mix of the two critical plane technologies noted above. The reason is that the second parameter, in 
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addition to the shear stress amplitude, is an invariant value – it is the hydrostatic stress. The original criterion [42] (marked 
as DVO in Tab. 3) mixes the current hydrostatic stress and the shear stress excursion value together at the same moment: 
 
     1 max DV a DV Ha C t b t p                     (7) 
 
See also the description in [13]. In [1], Papuga used another variant (marked as DVM in Tab. 3), which, he claims [13], 
suppresses the extreme non-conservativeness of the original Dang Van solution: 
 
, 1DV a DV H aa C b p                        (8) 
 
The results in [13] show that the method remains excessively non-conservative for out-of-phase loading. 
 
Integral criteria 
Integral solutions differ from the critical plane solution in that the damage parameters retrieved from the stresses on 
individual planes are not maximized – they are integrated over all possible orientations. Logically, this is a completely 
different concept for an analysis of the local stress states. It is surprising that the results of the newly introduced Papuga 
PCR (critical plane) and PI (integral) parameters in [43], [1] do not differ substantially. Integral methods are not at present 
implemented in any commercial fatigue solver. The reason for this could be the computational cost – the integration scheme 
could be more demanding on analyzing the space than the widely-used maximization procedure that is relevant for critical 
plane schemes. Tomčala et al prove in their sensitivity study [44] that if the same computational error induced by discrete 
evaluation plane-by-plane is admitted for the critical plane and for integral concepts, the number of planes to be evaluated 
is approximately two times lower for the integral solution. 
Kenmeugne et al [45] proposed that the optimum application of the integral concept can be assumed to be for cases of 
frequent principal directions rotations, which are intrinsic e.g. for random loading on two load channels. Note that this 
assumption cannot be explicitly confirmed due to enormous requirements on the benchmark set. However, integral 
solutions do not seem to have lower prediction capability than the critical plane solutions in [1], although only constant 
amplitude loadings are involved there. Among the evaluated integral criteria in [1], the best results are provided by the 
Papuga PI method 
 
2
1PI a PI aa C b N sin d d p        ∬                 (9) 
 
followed by the Liu & Zenner solution [23], (shortened to L&Z in Tab. 3) solution: 
 
2 2
1PI a PI aa C b N sin d d p        ∬                 (10) 
 
Part-by-part integration 
The Papadopoulos method [7] discussed in this section, and marked as PAPA in Tab. 3, can be classified as an integral 
solution. It is categorized in a separate subsection, because of the way in which the integration is performed. This method 
integrates the resolved shear stress over all directions over all possible planes. The integration of the normal stress over all 
possible planes can be mathematically proven to be equal to the hydrostatic stress. The method can therefore be written: 
 
2
, 1Pap a Pap H aa T d sin d d b p                        (11) 
 
In the case presented here, where only the axial a and shear stress a amplitudes are active in harmonic loading and with 
whichever phase shift, the criterion reduces to a simple formula: 
 
2
2
113 3
a
a a p
                              (12) 
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All previously stated criteria involve shear stress amplitudes and normal stress amplitudes on various assessed planes, which 
depend on the acting stress amplitudes, and also on the phase shift between the two signals. In spite of the seeming 
complexity of Eq. (11) the criterion reduces to a formula Eq. (12) that does not involve the phase shift. This obviously 
manifests a zero phase shift effect. Note that Papadopoulos [7] limits the validity of his method to ductile materials 1.2 <  
< 1.73. 
 
Invariant-based criteria 
The stress parameters involved in an analysis of this type are based on invariant stress parameters. Typically, the parameters 
are the amplitude of the second stress deviator, usually denoted as √J2,a, and some accompanying invariant value such as the 
hydrostatic stress. The comparison in [1] clearly shows that the Crossland method (CRO in Tab. 3): 
 
2, , 1C a C H aa J b p                         (13) 
 
leads to substantially better results than the Sines method (see both in [1], or in [7]). 
 
Critical plane deviation 
The method by Liu & Mahadevan [24] (its title is shortened to L&M in Tab. 3) has been selected as a representative of the 
small group of criteria, that look first for the critical plane based on the damage parameter, and then run a second step in 
the search for the fracture plane inclined from it by some angle based on the properties of the material. The damage 
parameter is expressed as: 
 
2 2 2
, 1LM a LM a LM H aa C b N e p                       (14) 
 
 
The MMP method 
This method was recently proposed by Papuga and Fojtík [25]. Due to its definition of the damage parameter: 
 
2 2 2
1a a p                           (15) 
 
it is obvious that the method denies that there is any phase shift effect. 
 
 
FATIGUE STRENGTH PREDICTION RESULTS 
 
he results for the quality of the fatigue strength estimates provided by the listed methods can be found in Tab. 3. 
The fatigue index FI is defined to describe the measure, in which the damage parameter (left-hand side LHS) of the 
Eqs. (3)-(15) approaches the fatigue strength in fully reversed push-pull p-1 (i.e. the right-hand side RHS of Eqs. (3)-
(15): 
 
LHSFI
RHS
                        (16) 
 
If the admissible stress is evaluated, FI should be equal to 1.0. The fatigue index error used for evaluating the prediction 
errors therefore equals: 
 
Δ 1 FI FI                         (17) 
 
The test data set items are so sparse, that it makes little sense to perform a statistical evaluation of them, as shown e.g. in 
[1]. The highlighting of the background of cells in Tab. 3 indicates cases where the methods are not able to cope well enough 
with the experimental data. It soon becomes apparent that the two Dang Van methods result in bad predictions of out-of-
T 
 J. Papuga et alii, Frattura ed Integrità Strutturale, 50 (2019) 163-183; DOI: 10.3221/IGF-ESIS.50.15                                                                    
 
174 
 
phase cases. Their results tend to be excessively non-conservative, with the exception of the FF cases, where only case 
FF003 is acceptably well described, while FF004 is distinctly over-conservative.  
Similar over-conservativeness of all criteria to the FF004 case can be observed, which casts doubts on the data inputs. Are 
all classes of criteria really wrong in determining the right response? A more detailed insight into the FF set [25] shows that 
only a limited number of experimental setups were run while using hollow specimens with outer diameter D=11 mm and 
inner diameter d=8mm outer and inner diameters. This setup includes all experiments FF001-FF004, and also the fully 
reversed and repeated tension load conditions. 
The pure alternate torsion experiment in the FF test series was run on hollow specimens with diameter D=20 mm and d=18 
mm. The cross-section area of the larger specimens is 33% greater than that of the smaller specimen types. The length of 
the perimeter is more important, and here the ratio between two types of specimens shows that the bigger specimens have 
an 82% longer perimeter. Thus the size of the domain, in which a fatigue crack can initiate, is substantially bigger. It can 
therefore be concluded that the torsion fatigue strength t-1,N used in the analyses here is likely to be underestimated for 
smaller specimens. 
 
Test case  [deg] PCR QCP SUS MAT DVO DVM PI L&Z PAPA CRO MMP L&M 
SiB011 0 5.16 1.85 4.53 7.87 7.78 7.78 0.09 1.81 4.96 4.99 1.85 4.84 
SiB013 90 -1.66 -4.07 8.37 1.16 -26.54 -18.46 -1.42 -8.17 -1.08 -26.49 -3.92 -12.90 
FF001 0 3.35 -1.77 2.67 5.13 4.99 4.97 -1.42 -1.81 1.93 1.97 -1.78 1.61 
FF003 90 5.93 1.20 5.50 8.23 8.08 8.04 0.60 1.17 4.98 5.01 1.19 4.65 
FF002 0 3.75 0.18 3.01 5.97 5.84 5.84 -0.98 0.15 3.12 3.15 0.15 3.01 
FF004 90 16.31 14.33 16.43 22.26 22.09 22.09 8.28 14.29 18.43 18.47 14.30 18.21 
FAD007 0 4.14 -1.00 3.37 6.35 6.20 6.20 -1.32 -1.03 2.83 2.86 -0.99 2.56 
FAD009 90 -3.57 -9.93 0.89 1.20 -23.98 -12.09 -5.37 -13.62 -6.41 -17.87 -9.81 -6.66 
FAD008 0 -0.10 -2.65 -0.72 0.49 0.36 0.36 -2.54 -2.69 -1.17 -1.14 -2.65 -1.16 
FAD010 90 -8.78 -9.96 -8.71 -14.69 -18.98 -18.98 -5.32 -12.03 -8.37 -18.98 -9.67 -13.74 
 
Table 3: Results of the fatigue index error FI [%] obtained for individual items in the test set. 
 
It can therefore be expected that the results using too small fatigue strength in torsion will tend to be too conservative, and 
this is confirmed by all FF data in Tab. 3 – none of the results shows the fatigue strength estimate to be non-conservative. 
This complete analysis leads to a straightforward conclusion. The fatigue strength in pure torsion loading t-1,N was obtained 
from bigger specimens. Its use for specimens for load cases FF001-FF005, carried out on smaller specimens with a thicker 
wall, cannot be recommended. The cross-sectional areas do not differ greatly, so the use of the fully-reversed push-pull 
fatigue strength p-1,N for other load cases tested on larger specimens is insufficiently sensitive. However, the criteria applied 
for forming the test batch for an analysis of the phase-shift effect does not allow the FF test data to be applied. 
Though the SiB test set is included in the final test set, some doubts should be expressed. The SiB test set was prepared on 
basis of experimental data reported by Simbürger [7], who performed all the S-N experiments only on two load levels. In 
fact, the presumption that the S-N functions in between those two levels form a straight line in a bi-logarithmic graph (i.e. 
that there is a power law, as modelled e.g. by the Basquin function), is a mere fantasy unsupported by other experimental 
evidence. The probable trend is obvious (the application of a non-zero phase shift worsens the fatigue strength/life), but 
the quantification of this effect is far from being exact 
The team led by Papuga prepared a benchmark testing set [22] based on a literature analysis of more than 250 different 
papers, reports and theses. Most experimental data fail conform with some of the requirements for statistical reliability, and 
misleading data can be found even in the final selection. This shows that much more care needs to be given to the 
preparation and the running of the experiments. Unless the requirements emphasized above are complied with, it is not 
possible to determine the role that the phase shift plays in high-cycle fatigue. 
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SENSITIVITY STUDY 
 
 further study of the paper by Ioannidis [16] shows that it is not sufficient to select the test benchmark appropriately 
in order to remove other potential effects. Another important consideration, if really reliable analysis output is to 
be achieved, is whether the effect being analyzed is strong enough. Tab. 3 shows that if the FF experiments and 
the worst DVx criteria are omitted, the typical scatter of the fatigue strength estimate is between approx. -15% and +10%. 
A numerical analysis, which will be described below was run to answer the question: Is the phase-shift effect strong enough 
to be analyzed? Three material characteristics were set that are typical for brittle, ductile and extra-ductile materials (similar 
to the classification proposed by Papadopoulos et al [7]), see Tab. 4. Four different stress ratios between axial stress and 
shear stress were selected for each of the three characteristics. These load cases were not tested. They are just a proposal 
for stress amplitudes, which for in-phase loading result in the fatigue index retrieved from the PCR method (and they are 
therefore abbreviated to FIPCR,0) close to 1.0. The stress amplitudes were the same for all analyzed phase shifts, while the 
phase shifts varied from 0° to 180° with a step of 5°. The final fatigue indexes obtained for each material and load 
combinations were then normalized by the fatigue index obtained for the in-phase combination of the same stress ratio. 
 
 Brittle, =1.07 
t-1=280 MPa 
Ductile,=1.58 
t-1=190 MPa 
Extra-ductile,=1.82 
t-1=165 MPa 
a/a=2.63 a=250 MPa 
a=95 MPa 
FIPCR,0=0.969 
a=250 MPa 
a=95 MPa 
FIPCR,0=0.998 
a=250 MPa 
a=95 MPa 
FIPCR,0=1.024 
a/a=1.73 a=213 MPa 
a=123 MPa 
FIPCR,0=0.947 
a=213 MPa 
a=123 MPa 
FIPCR,0=1.000 
a=213 MPa 
a=123 MPa 
FIPCR,0=1.046 
a/a=1.00 a=150 MPa 
a=150 MPa 
FIPCR,0=0.899 
a=150 MPa 
a=150 MPa 
FIPCR,0=0.984 
a=150 MPa 
a=150 MPa 
FIPCR,0=1.058 
a/a=0.29 a=50 MPa 
a=170 MPa 
FIPCR,0=0.810 
a=50 MPa 
a=170 MPa 
FIPCR,0=0.942 
a=50 MPa 
a=170 MPa 
FIPCR,0=1.055 
 
Table 4: The setup for the sensitivity analysis for the phase shift effect. The same fatigue strength in fully-reversed push-pull p-1 = 300 
MPa was used in all cases. The table also refers to fatigue indexes FIPCR,0 obtained under given conditions (axial stress amplitude a, 
shear stress amplitude a) by the PCR method for in-phase loads. 
 
All computations of the sensitivity analysis described below were run in PragTic fatigue solver [46]. It is openly available, 
and anybody can test its computational quality. The Job File task file [47] serves as a reference confirming its validity [46]. 
If normalization by FIxxx,0 is applied to every xxx criterion, graphs of the phase-shift effect dependency can be drawn, as 
shown in Figs. 6–10. It is clear that the phase shift behavior of each method is specific – the response to these numerical 
tests can be understood as a kind of fingerprint. It is necessary to clarify how the trends of the individual lines are to be 
understood. If the function in the figures is completely flat and horizontal, it means that the criterion is wholly insensitive 
to the phase shift effect. If such figures were to be prepared for the Papadopoulos method or for the MMP method, this 
would be the typical course for all load conditions (and this is the reason why such graphs were not prepared). If the function 
goes downwards (which is typical for most criteria and for most load cases), the response of the method to increasing phase 
shift is such that higher stress amplitudes could be applied to get to the same equivalent fatigue strength as with the in-phase 
load case. This means a non-zero phase shift increases the admissible stress, or the available fatigue life, in such cases. The 
relatively rare cases where the function exceeds a ratio of 1.00 relate to cases where the application of a non-zero phase shift 
worsens the situation and leads to lower fatigue strengths or shorter fatigue lives. 
 
A 
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Figure 6: Results of the sensitivity analysis on critical plane criteria of the maximum damage type. 
 
  
 
Figure 7: Results of the sensitivity analysis on critical plane criteria of the maximum shear stress range (MSSR) type. 
 
The maximum damage critical plane criteria presented in Fig. 6 show that a non-zero phase shift increases the fatigue life. 
Both methods are quite insensitive to the phase shift effect if the torsion load channel is prevalent. The only exception in 
both cases is for a brittle material, where a decrease of approx. 5% can be observed. The most radical increase in fatigue 
strength is for extra-ductile materials, if axial stress is dominant.  
The criteria that look first for the critical plane related to the maximum shear stress range (see Fig. 7) provide a radically 
different response, above all for brittle materials. The response of the Susmel criterion to a stress ratio of 1.73 is not 
encountered by any other criterion in the tested set – the phase shift effect predicted by the Susmel method for this setup 
is so high that it should be obviously measurable. The response to the phase shift effect by a ductile material is not so 
pronounced, and a loading with dominant axial stress would be the most effective for confirming the effect. Both criteria 
show more visible phase shift dependency for an extra-ductile material than for a ductile material, as do other prediction 
methods. 
The Dang Van method in the original version (DVO) shows higher phase shift dependency (to increase the admissible 
stresses for a non-zero phase shift) than most other methods – see Fig. 8. The most sensitive response of the method is to 
a stress ratio of 1.73, but the values for brittle materials and for a stress ratio of 1.00 are also quite extreme. The modified 
Dang Van method presents reduced dependency, there is almost no phase shift effect for the dominant torsion channel, 
and the results also predict a relatively mild effect for a stress ratio of 1.00. The use of ductile or extra-ductile materials with 
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dominant axial loading leads to the greatest differences. These cases could serve for proving whether the phase shift effect 
of these criteria is adequate. 
 
  
 
Figure 8: Results of the sensitivity analysis on two versions of the Dang Van method. 
 
  
 
Figure 9: Results of the sensitivity analysis on two integral criteria. 
 
The integral methods shown in Fig. 9 show behavior similar with critical plane criteria of the MSSR type, i.e. with the non-
zero phase shift worsening the fatigue response for brittle materials. This effect can be observed above all for the PI method, 
while it is less prominent for the Liu & Zenner method. The phase shift effect is also pronounced for extra-ductile materials, 
where it improves the fatigue response. The phase shift effect approaches minimum values for load cases with dominant 
torsion. The phase shift effect of the PI method for a ductile material approaches zero – it would obviously be hard to 
detect in experiments. There are some load combinations by the Liu & Zenner method, where the phase shift effect for 
ductile materials exceeds 5% difference. 
The behavior of the Crossland method in Fig. 10 quite well resembles Fig. 8 for the original Dang Van solution. The phase 
shift effect of all materials for a stress ratio of 1.73 would be easily detectable in any experiment. The Liu & Mahadevan 
method, also shown in Fig. 10, draws attention to another interesting consideration – the functions show a slightly irregular 
character. This is probably caused by the two-level search for the final critical plane. Unlike all other methods, the method 
by Papadopoulos and the MMP method would show only a horizontal line in graphs similar to Figs. 6-10 at the position 
FIOOP/FIIP=1.0. These two methods could not be distinguished from each other by the trend of the phase-shift effect alone. 
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In addition to the graphs in Figs. 6-10, Tab. 5 has been prepared. It shows cases for which the individual fatigue strength 
estimation methods result in a more accentuated difference between in-phase loading and out-of-phase loading. The higher 
the phase shift effect in those highlighted cases, the more easily it could be proven in an experimental campaign. Extra-
ductile materials show the greatest dependency on the phase shift, so materials from this group would be perfect candidates 
for proving the prediction quality of each method. This effect is less visible for brittle materials, while ductile materials (to 
which all the remaining data sets in Tabs. 1-2 belong) produce the smallest differences. 
 
  
 
Figure 10: Results of the sensitivity analysis on the Crossland method (left) and the Liu & Mahadevan method (right). 
 
 
Material class: Brittle Ductile Extra-Ductile 
a/a: 2.63 1.73 1.00 0.29 2.63 1.73 1.00 0.29 2.63 1.73 1.00 0.29
PCR   >5 >5 >5 >5   >10 >10 >5  
QCP  >5 >5      >10 >10 >5  
Susmel >10 >10 >10 >5 >5    >10 >10 >5  
Matake >5* >10 >10  >10 >5    >10 >5  
DV, orig. >10 >10 >10 >10 >10 >10 >10  >10 >10 >10  
DV, mod. >10 >10 >5  >10 >10 >5  >10 >10 >10  
PI >5 >5 >5      >5 >10 >10  
Liu & Zenner      >5 >5  >5 >5 >5  
Crossland >10 >10 >10  >10 >10 >10  >10 >10 >10  
Liu & Mahadevan  >5 >5 >5 >5 >10   >10 >10   
 
Table 5: A summary providing a quick overview of the size of the absolute value of the fatigue index error change in %, if switching 
from in-phase to out-of phase loading. The sign ">" means the criterion results in the fatigue index change higher than the stated value.. 
Higher values of FI should be easier to detect in an experimental campaign. 
 
 
DISCUSSION 
 
he data items presented in Tab. 3 are so sparse, and there are so many other potential effects that could affect the 
results, that it does not make sense to base any final verdict on them. Note the interesting consideration that all 
remaining experiments covered in Tabs. 1-3 could be classified under ductile materials in Tab. 5, while the range of 
their fatigue strength ratios is extremely small:  = 1.47-1.48. With the exception of the FF experiments, which are expected 
to be affected by the use of inadequate fatigue strength in pure torsion loading, the equivalent stress ratios MMP,90/MMP,0 
span from 0.94 to 0.97, and the out-of-phase loading would lead to lower fatigue strengths. The phase shift effect is very 
moderate in those experiments. If they were the only values to be evaluated, while the applied stress ratio spans from 1.00 
T 
                                                                  J. Papuga et alii, Frattura ed Integrità Strutturale, 50 (2019) 163-183; DOI: 10.3221/IGF-ESIS.50.15 
 
179 
 
to 3.00 for these test cases, the Dang Van method, the Crossland method, the Matake method and the Liu&Mahadevan 
method could be crossed out as unsuccessful candidates. 
If the results in Tab. 3 are evaluated separately in groups of in-phase experiments and out-of-phase experiments, it is striking 
that the in-phase experiments are usually well modelled by all evaluated criteria (maybe with the exception of the Dang Van 
method and the Matake method). The in-phase experiments are the least complex and the least problematic for fatigue 
strength prediction. It is therefore reasonable to include them in an experimental campaign only when they are accompanied 
either by out-of-phase cases or generally by non-proportional cases, or when there are some other effects not covered here 
(e.g. the mean stress effect). Experimental data sets dealing only with in-phase loads provide only a limited amount of new 
information. 
The decision to remove the prediction values for the FF experiments from the analyses concerns only the fatigue strength 
estimation results. These rely on a correct value of the fatigue strength in fully reversed torsion, which is not available for 
this test set. This does not mean, however, that the experiments themselves, shown in Fig. 4, are wrong. The setup of the 
FF experiments differs somewhat from the usual setup for similar experiments. Instead of keeping the same stress ratio 
over all lifetimes, only the torsion channel is kept variable, while the axial load channel is kept constant. The graph in Fig. 4 
therefore shows the real response to the phase shift effect of the FF002-FF004 pair, where the shear stress amplitude value 
in the out-of-phase case is much higher than in the in-phase variant. Anyhow, quantifying the response by the ratio of the 
MMP equivalent stresses is misleading – such step assumes that this stress norm (the MMP method) is perfect, and should 
therefore be avoided. At least the experimental trends can be evaluated. The fatigue life improves in the out-of-phase load 
cases in comparison with the in-phase cases for the FF experiments, while the opposite trend is valid for the SiB and FAD 
experiments. 
The fatigue strength ratios for all three data sets are very similar, and the stress ratio effect does not seem to be dominant. 
Is there any other potential effect that may be causing these differences? Tab. 2 presents another comparison, which is d/D 
ratio of the minor diameter to the major diameter of specimens. While both specimens (FAD and SiB) that show worsening 
fatigue strength with an increasing phase shift can be categorized as thin-walled (each wall presents approx.. 5% of the 
diameter), this is far from true for the FF experiments, where each wall presents more than 10%. The doubt as regards 
mixing the initiation phase and the crack growth phases together can be recalled again for the FF specimens. Because of the 
rotation of the principal directions during the crack growth phase in the out-of-phase loading scenario, the crack growth 
can be slowed down, which would increase the lifetime for an out-of-phase load, in conformity with the observed trend. 
In [48], Papuga et al. highlighted another interesting consideration. A push test of a thin-walled hollow specimen results in 
the stress distribution across the wall, where the inner surface is more loaded than the outer surface (see Fig. 11). Because 
the torsion case invokes higher stresses on the outer surface, the out-of-phase loading can switch the location of the hot-
spot during out-of-phase loading from one surface to another during each load period. The numerical tests in [48] showed 
that the increase in the stress level at the inner surface in push-pull is dependent above all on Poisson’s ratio, and on the 
radius of the fillet between the gripping diameter and the major diameter in the critical cross-section. The effect of wall 
thickness was not checked. The comparison in Fig. 11 shows that the thicker wall of the FF specimens results in the smallest 
stress gradient and the smallest stress difference between the two surfaces. The change in the axial stress between the two 
surfaces is far lower than the stress gradient induced by the torsion loading. However, it does exist, and it complicates the 
analysis of the out-of-phase load cases – both surfaces should be checked above all when the axial stress is substantially 
higher than the shear stress, which results in a milder shear stress gradient. This characteristic is not covered in Figs. 6-10, 
which refer to nominal stresses only obtained on the outer surface of the specimens. 
 
Proposed setup of the decisive test 
An extensive search has been made for experimental data that is qualitatively good enough to prove that some of the 
multiaxial fatigue strength criteria discussed here work well. However, it has been found that almost no such data are in fact 
available. Tab. 5 presents some candidates that are right for certain types of materials and stress ratios, and provides some 
data that give evidence for confirming or dismissing the calculation methods that have been presented. A summary of the 
attributes of the adequate test campaign in support of this argumentation follows: 
1. Two S-N fatigue curves in pure fully-reversed push-pull and in fully-reversed pure torsion will be prepared to 
present the material data. A pair of further S-N curves will be prepared, which combine axial and torsion load 
channels at similar amplitudes and with the same stress ratio between the two load channels. One of these S-N 
curve should be run in the in-phase configuration and the other in the out-of-phase configuration, preferably with 
90° phase shift. 
2. Each of the fatigue curves is defined on the basis of adequate number of experiments to enable a description of 
the high-cycle fatigue behaviour, and the longest possible lifetime close to the transition to the fatigue limit region. 
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The number of specimens per a curve should exceed 12, and the use of the pearl string strategy is preferred over 
the x-level strategy.  
3. An S-N model that enable the fatigue limit region to be involved in the regression formula (e.g. the Kohout-Věchet 
formula) is preferred over the widely-used Basquin two-parametric formula, in order to obtain the trends. 
4. All fatigue tests should be preceded by a test on the concentricity of the testing machine grips with the axis of the 
specimen. 
5. Hollow specimens with thin walls (d/D > 0.9) are preferred in order to reduce the crack growth phase effect as the 
simplest solution to cope with separating the crack initiation phase and the crack growth phase (by reducing the 
latter to negligibility). If bar specimens are used, the time to crack initiation should be monitored as the main 
criterion for ending the test. 
6. All 4 S-N curves should be retrieved from experiments performed on an identical specimen geometry with an 
identical surface finish. All specimens should be manufactured from material from the same batch. 
7. At least tensile static tests should be performed to ensure the level of potential anisotropy of the material, which 
could affect the results of fatigue tests in different load cases. At the first level, the acceptably isotropic cases can 
serve to define the optimum computational strategy. The cases where significant anisotropy is found should be 
evaluated in the second round, while implementing the adequate computational strategy to the already selected 
multiaxial fatigue strength method. 
It is feasible to perform such tests. The response of the individual criteria to such conditions can be evaluated quickly, and 
could serve for reaching a final verdict on strategy – among so many discussed here – that is the best for out-of-phase 
loading. The mean stress effect can be tuned afterwards. 
 
   
Figure 11: Changes in the axial and Mises stress levels across the wall thickness of hollow specimens, where 0% corresponds to the inner 
wall, and 100% corresponds to the outer wall. 
 
 
CONCLUSION 
 
his paper has highlighted the phase shift effect as the primary effect that should be well mastered by any multiaxial 
fatigue strength criterion. It discusses the ways in which the phase shift effect is dealt with, and how it is evaluated. 
It proposes comparing the admissible stresses on individual channels in in-phase and 90° out-of-phase combinations 
of push-pull and torsion loading, while the same stress ratio between both load channels is kept, and no mean stress is 
allowed. Whether a non-zero phase shift between the two load channels increases or decreases the admissible stresses for a 
given lifetime, in comparison with the in-phase variant, provides clear evidence of the existence or non-existence of a phase 
shift effect. 
The authors have selected and presented various fatigue strength estimation criteria, and they have explained their basic 
functionality, and differences between various computational strategies. A sensitivity analysis was then run for each of the 
criteria to show how the non-zero phase shift affects the output admissible stress for various types of materials, and for 
various stress ratios on the two load channels for different fatigue strength estimation criteria. The graphs in Figs. 6-10 and 
the summary in Tab. 5 show that all analysed computational methods differ substantially from each other. It is obvious 
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from the graphs that the trends for most criteria are quite well visible and could be proven by adequately controlled 
experimental campaign. 
The authors have attempted to establish a test matrix to prove their finding. Although they have devoted many years to 
assembling and evaluating experimental data for similar benchmark tests, the conditions stated above have been met only 
by a small number of tests, two of which were then expelled for not being good enough. Because these tests have been run 
without understanding in advance how the phase shift effect could affect the results, the remaining data items fall into the 
region where the phase shift effect can be very mild according to many evaluated criteria. This places even higher importance 
on good substantiation of the experimental data that are used (qualitatively well described fatigue curves, i.e. an adequate 
number of experimental data points on them). The same finding again highlights the reasons for strict requirements on 
experimental data quality, which were applied when the data sets were being gathered. 
For these reasons, no conclusion could be reached about a method that covers the phase shift effect optimally. Instead, an 
optimal setup for such experimental proof was proposed, so that the problem can be evaluated and the verdict can be 
finalized. 
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